We study the growth rate of the number of maximal arithmetic subgroups of bounded covolumes in a semi-simple Lie group using an extension of the method due to Borel and Prasad. As an application we prove a nonuniform case of a conjecture of Lubotzky et al. on the growth of lattices in higher rank semi-simple Lie group H, which claims that the growth rate is asymptotically equal to the congruence subgroups growth and can be computed from the root system of H.
Introduction
A classical theorem of Wang [W] states that a simple Lie group not locally isomorphic to SL 2 (R) or SL 2 (C) contains only finitely many discrete subgroups of bounded covolumes. This theorem describes the distribution of lattices in the higher rank Lie groups, it also brings an attention to the quantitative side of the distribution picture. By now several attempts have been made towards a quantitative analogue of Wang's Theorem but still very little is known.
The problem of determining the number of discrete subgroups of bounded covolumes naturally splits into two parts: the first part is to count maximal lattices and the second, to count subgroups of bounded index in a given lattice. A recent project initiated by A. Lubotzky in [L] resulted in a significant progress towards understanding the subgroup growth of lattices, which also allowed to formulate a general conjecture on the asymptotic of the number of lattices of bounded covolumes in semi-simple Lie groups. In this paper we consider another part of the problem: we count the maximal lattices in a given semi-simple Lie group. The results obtained in this direction allow us to prove in part the conjecture of Lubotzky et al. and hopefully lead to a better understanding of the general phenomenon.
Let H be a connected linear semi-simple Lie group without compact factors and without almost simple factors of type A 1 . In particular, we can take H to be a non-compact simple Lie group not locally isomorphic to SL 2 (R) or SL 2 (C) . Let m H (X) (m ′ H (X)) denote the number of conjugacy classes of maximal arithmetic subgroups (resp., maximal non-cocompact arithmetic subgroups) of H of covolume at most X.
Theorem 1. A. If H contains an irreducible arithmetic subgroup (or, equivalently, H is isotypic), then there exist effectively computable positive constants A and B which depend only on the type of almost simple factors of H, such that for sufficiently large X X A ≤ m H (X) ≤ X Bβ(X) , 1 where β(X) is a function which we define for an arbitrary ǫ > 0 as β(X) = C(log X) ǫ , C = C(ǫ) is a constant which depends only on ǫ.
B. If H contains a non-cocompact irreducible arithmetic subgroup then there exist effectively computable positive constants A ′ , which depends only on the type of almost simple factors of H, and B ′ depending on H, such that for sufficiently large X
Conjecturally, function β(X) can be also replaced by a constant and B ′ depends only on the type of almost simple factors of H. This would require, in particular, a polynomial bound on the number of fields with a bounded discriminant. The existence of such a bound is an old conjecture which is possibly due to Linnik, it appears in a stronger form as Conjecture 9.3.5 in H. Cohen's book [C] . In fact, as a corollary from the proof of Theorem 1 we can show an equivalence of the two conjectures and thus establish a connection between the number theoretic question and geometry of the locally symmetric spaces (see Section 6.5).
Another application of Theorem 1 is obtained by combining it with the recent results of D. Goldfeld, A. Lubotzky, N. Nikolov and L. Pyber on the congruence subgroup growth (see [GLP] , [LN] ). In particular, in Section 6.2 we prove the following corollary.
Let H be a semi-simple Lie group as above. Suppose that the real rank of H is > 1 and H contains a non-uniform irreducible lattice. Denote by ρ ′ H (X) the number of conjugacy classes of non-uniform irreducible lattices in H of covolume less than X.
Following [GLP] , [LN] , define
where R = R(H) = #Φ + /r, #Φ + is the number of positive roots in the root system of H and r = rank(H).
Corollary. If H has no complex almost simple factors of type D 4 , then lim X→∞ log ρ ′ H (X) (log X) 2 / log log X = γ(H).
This statement was known as a non-uniform case of a conjecture due to Lubotzky et al. proposed in a sequence of papers [BGLM] , [GLP] , [LN] and also [LS, Chapter 7.3] . The assumption about D 4 (C)-factors is imposed because the theorem from [LN] which we use in the proof requires the Generalized Riemann Hypothesis (GRH) to handle this case. Concerning the status of the general conjecture, we give a remark in Section 6.3 and leave its detailed study for the future research.
Concluding the introduction let us briefly outline the proof of the main result. Our method is based on the work of Borel and Prasad [BP] . What makes our task different from the results of [BP] is that besides proving the finiteness of the numbers of arithmetic subgroups of bounded covolumes we want to give the bounds or, at least, asymptotic bounds for the numbers. This requires certain modifications to the method on one side and some special number theoretic results on the other. In Proposition 3.3 we improve a number theoretic result from [BP, Section 6] , so that it enables us to effectively count the possible fields of definition of the maximal arithmetic subgroups. The key ingredient for a good upper bound for the number of fields is an extension of a recent result of J. Ellenberg and A. Venkatesh [EV] , which we formulate in Proposition 3.1 and for which the proof is given in Appendix. After bounding the number of possible fields of definition k, we count admissible k-forms and corresponding arithmetic subgroups. Here we use the Hasse principle and a basic number theoretic Proposition 3.2. All together these lead to the proof of the upper bounds in Theorem 1 in Section 4. The lower bounds are easier, they are established in Section 5.
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Preliminaries on arithmetic subgroups
Throughout this paper k is a number field, O k is its ring of integers, V = V (k) is the set of places of k which is the union of V ∞ (k) archimedean and V f (k) nonarchimedean places, and A = A(k) is the ring of adèles of k. The number of archimedean places of k is denoted by a(k) = #V ∞ (k), and let r 1 (k), r 2 (k) be the number of real and complex places of k, respectively, so a(k) = r 1 (k) + r 2 (k). As usual, D k and h k denote the absolute value of the discriminant of k/Q and the class number of k, D l/k is the Q-norm of the relative discriminant of l over k.
All logarithms in the paper are in base 2 unless stated otherwise.
If a connected semi-simple Lie group have a finite center (which is always the case for the linear groups), then there is a correspondence between arithmetic subgroups of H and of the adjoint group G = Ad H (see [M, Chapter 9, Def. 6.3] ). This allows us to reduce the problem of counting arithmetic subgroups of H to G: although some subgroups which are not conjugate in H become conjugate in G this will not affect our considerations. So from now on whenever it is needed we shall assume that H is adjoint which implies in particular that it can be identified with the identity component of R-group G.
2.1. Let G/k be an algebraic group defined over a number field k such that there exist a surjective homomorphism φ :
is the set of archimedean places of k over which G is isotropic (i.e., noncompact), then φ induces an epimorphism G S = v∈S G(k v ) → H whose kernel is a finite subgroup of G.
We consider G as a k-subgroup of GL(n) for n big enough and define a subgroup Γ of G(k) to be arithmetic if it is commensurable with the subgroup of k-integral points G(k) ∩ GL(n, O k ), that is, the intersection Γ ∩ GL(n, O k ) is of finite index in both Γ and G(k) ∩ GL(n, O k ). The subgroups of H which are commensurable with φ(Γ) for some admissible G/k are called arithmetic subgroups of H defined over the field k.
2.2.
It can be shown that in the above definition it is enough to consider only simply connected, absolutely almost simple algebraic groups G (see [M, Chapter 9 .1]). Moreover, a semi-simple Lie group contains irreducible lattices if and only if all its almost simple factors have the same type (H is isotypic). For example, we can take H = SL(2, R) a × SL(2, C) b or H = SO(p 1 , q 1 ) × SO(p 2 , q 2 ) (p 1 + q 1 = p 2 + q 2 ), but in H = SL(2, R) × SL(3, R) all the lattices are reducible (see [M, Chapter 9.4] ). Note that the assumption that H is isotypic in general does not imply that H contains non-uniform irreducible lattices as it shows an example due to G. Prasad (see [WM, Prop. 12.31] ). This is the reason why we have to impose an additional assumption concerning existence of the non-uniform irreducible lattices in Part B of the theorem.
2.3. We shall now define a Haar measure µ on H with respect to which the volumes of arithmetic quotients will be computed. Of course, the final result then will hold for any other normalization of the Haar measure on H. The definition and most of the subsequent facts come from the fundamental work of Borel and Prasad [BP] , [P] . The methods of Borel-Prasad require a considerable amount of Bruhat-Tits theory of reductive groups over local fields. We shall suppose a familiarity with the theory and will use its terms without a reference along the line. An account of what we need can be found in Tits' survey paper [T] .
Let G be an admissible algebraic k-group.
If v ∈ V f (k), we let µ v be the Haar measure on G(k v ) which assigns the volume 1 to the stabilizer of a chamber in the Bruhat-Tits building of G(k v ). If v is archimedean, and k v is identified with R or C, then µ v is the Haar measure which gives the volume one to a maximal compact subgroup of R kv /R (G) (C) . The Haar measure µ S on G S is defined as the product of µ v 's, this also induce the measure on H and it is easy to see that defined in such a way µ does not depend on the choice of G and the epimorphism φ : G S → H.
A collection
is an open subgroup of the adèle group G(A). A coherent collection of parahoric subgroups P = (P v ) v∈V f defines an arithmetic subgroup Λ = G(k) v∈V f P v of G(k) which will be called the principal arithmetic subgroup associated to P . The covolume of a principal arithmetic subgroup of H is given by Prasad's formula [P, Theorem 3.7] :
where dim (G)/2 and m i denote the dimension and Lie exponents of G; l is a Galois extension of k defined as in [P, 0.2] , (if G is not a k-form of type 6 D 4 . then l is the split field of G, and if G is of type 6 D 4 , then l is a fixed cubic extension of k; in all the cases [l : k] ≤ 3); s = s(G) is an integer defined in [P, 0.4] , in particular, s = 0 if G is an inner form of a split group and s ≥ 5 if G is an outer form; τ k (G) = 1, the Tamagawa number of G;
) −1 and the Haar measure γ v ω * v on G(k v ) is defined as in [P, 1.3, 2 .1], e v > 1 by [P, Prop. 2.10(iv) ].
2.5. Any maximal arithmetic subgroup Γ of H can be obtained as the normalizer in H of an image of a principal arithmetic subgroup of some G(k) [BP, Prop. 1.4(iv) ]. Moreover, collections of the parahoric subgroups which are associated to the maximal arithmetic subgroups have maximal types in a sense of Rohlfs [R] (see also [CR] ). So in order to compute the covolume of a maximal arithmetic subgroup we need to be able to compute the index of the image of a principal arithmetic subgroup in its normalizer. In a general setting this was carried out in [BP, Section 2] :
H 1 (k, C) ξ is a subgroup of the first Galois cohomology group of k with coefficients in the center of G defined in [BP, 2.10 ]. The order of H 1 (k, C) ξ can be further estimated through the class numbers of k and l [BP, Section 5]. Ξ Θv is the group of automorphisms of the type Θ v of P v . In particular, #Ξ Θv ≤ r + 1 and #Ξ Θv = 1 if P v is special.
As a result we have the following lower bound
is an outer form of type D r , r even, and s ′ = s/2 otherwise;
We refer to [BP, Sections 5, 7] for the details about this formula. Note that in our notation f v slightly differ from [BP, 7.4 ] but still we have f v > 1 by [BP, Appendixes A,C].
Number theoretic results
3.1. Let N K,d (X) be the number of K-isomorphism classes of extensions L of K such that [L : K] = d, D L/K < X, and let N (X) be the number of isomorphism classes of number fields with discriminant less than X.
Proposition. For a big enough positive X we have (i) given a number field K and a fixed degree d, there exist absolute constants
Proof. (i) follows e.g. from [EV, Theorem 1.1].
(ii) follows from the method of [EV] but requires some extra work, namely, we have to know how the implicit constants in [EV, Theorem 1.1] depend on the degree of the extensions in order to be sure that this does not change the expected upper bound. This will be carried out in detail in Appendix provided by J. Ellenberg and A. Venkatesh.
3.2. Let Q k (X) be the number of squarefree ideals of k of norm ≤ X.
Proposition.
Proof. (i) is a known fact from the analytic number theory. For a short and conceptual proof we refer to [S, Theorem 14] .
(ii) As far as we do not claim that b 4 = 1 the proof of this bound is easy. Consider the Dedekind zeta function of k:
a n n s , a n is the number of ideals of k of norm n, s > 1. Let I k (X) denote the number of ideals of k of norm less than X. We have
Taking s = 2 we obtain
Here we used inequalities ζ k (2) ≤ ζ(2) [k:Q] and [k : Q] ≤ c log D k , which are elementary.
3.3. Finally we shall need an improved version of a number theoretic result from [BP, Section 6 ]. The idea is that instead of using D dim (G)/2 k to absorb the small factors in the volume formula we shall use only part of it saving the rest for a later occasion. This is easy to achieve for the groups of a big enough absolute rank while when the rank becomes small the estimates become much more delicate.
Let G/k be an absolutely almost simple, simply connected algebraic group of absolute rank r ≥ 2, so the numbers n, ǫ, ǫ ′ , s ′ and m 1 ≤ . . . ≤ m r are fixed and defined as in Section 2. Let
Proposition. Given a group G of an absolute type T and rank r, for almost all number fields k we have
It is known that
(c.f. [BP, proof of 6.1], let us point out that this bound holds without any assumption on the degree of the field l);
Combining the above inequalities we obtain
(if G is k-split, then s ′ = 0, l = k, D l/k = 1; in the non-split case we use the fact that s ′ > 2).
Since for i big enough m i ! >> (2π) mi+1 it is clear that for big enough r
It is easy to check that starting from r = 30 we have
So for r ≥ 30, δ = dim (G)/2 − 2 and any field k we have B(G/k) ≥ D δ k D l/k , the finite set of the exceptional fields is empty and (i) is proved.
To proceed with the argument let us remark that
where c > 0 depends only on the absolute type of G and degree d = [k : Q]. So, if the degree d is fixed, then for any x > 0 which will be chosen later we have
Since there are only finitely many number fields with a bounded discriminant, (3) holds for all but finitely many k of degree d. Since we always have dim (G)/2 > 2, this allows to suppose (at least when G is not 6 D 4 ) that the degree of k is large enough.
We now come to the case (ii). Let G be still not of type 6 D 4 . By the previous remark we can suppose that [k : Q] is large enough. We have the following lower bound for D k due to A. Odlyzhko [Od, Theorem 1] :
We obtain that for [k : Q] > 10 5 ,
A direct case by case verification shows that for δ = 1 the latter expression is (3), then we obtain that for all but finitely many k,
Let now G/k be a triality form of type 6 D 4 . We have ǫ = 2, ǫ ′ = 1, n = 2, s ′ = 2.5, {m i } = {1, 3, 5, 3}; So if [k : Q] > 10 5 ,
Q] ≤ 10 5 we still have the inequality (3) (the precise formula for the constant c would be different but it is not essential), so for all but finitely many k,
Let G/k be of type A 3 or B 2 . As before we can suppose [k : Q] > 10 5 . We have It remains to consider the case (iv). This is the most difficult case but the proof almost repeats the argument of [BP, Prop. 6.1(vi) ].
With the notations of [BP] , for [l : Q] > 10 5 we have
by choosing s > 1 sufficiently close to 1, we obtain that there is an absolute constant c 6 such that
is large enough, say, [l : Q] > d l (and d l ≥ 10 5 ). If [l : Q] < d l , then [k : Q] < d l and by (3) for all but finitely many fields k we have
Remark, that for most of the groups the bound for B(G/k) can be improved. This can be useful for particular applications but will not be essential for our purpose.
Proof of the theorem. The upper bound
As before, H denotes a connected non-compact semi-simple Lie group whose almost simple factors all have the same types different from A 1 , G is a simply connected, absolutely almost simple algebraic group defined over a number field k and admissible in a sense that there exists a surjective homomorphism G(k⊗ Q R) → H with a compact kernel. 4.1. Counting number fields. For a (maximal) arithmetic subgroup Γ of H we have (see 2.5)
where k is the field of definition of Γ, G/k is a k-form from which Γ is induced (see 2.1);
By Proposition 3.3 for all but finitely many, say N 0 , number fields k
and by Proposition 3.1(i) for each k the number of such extensions l is at most 4.2. Non-cocompact case. If Γ is non-cocompact, the degree of the field of definition of Γ is bounded. Indeed, the non-cocompactness of Γ implies that the corresponding algebraic group G is k-isotropic, so G/k v is non-compact for every v ∈ V . It follows that the field k has precisely #S infinite places and so [k : Q] ≤ 2#S. Now in 4.1 we can consider only the number fields k with [k : Q] ≤ 2#S and the number fields l with [l : Q] ≤ 3[k : Q] ≤ 6#S (where #S is equal to the number of almost simple factors of H). By Proposition 3.1(i) for big enough X the number of admissible couples (k, l) is at most X c5 + N 0 , c 5 = c 5 (#S) (in fact, here we could use a weaker result by W. M. Schmidt, Astérisque, 228(1995), 189-195, who showed that the number of extensions L of K of degree n with D L/K < X is bounded by C(n)X (n+2)/4 ).
4.3.
Counting k-forms. Given an admissible pair (k, l) of number fields, there exist a unique quasi-split k-form G for which l is the splitting field (or a certain subfield of the splitting field if G is of type 6 D 4 and [l : Q] = 3). So we have an upper bound for the number of the quasi-split forms. We now fix a quasi-split k-form G and estimate the number of the admissible inner forms. Since every inner equivalence class of k-forms contains a unique quasi-split form, this will give us a bound on the total number of admissible G/k. By the assumption v∈V∞(k) G(k v ) is isogenous to H × K (K is a compact Lie group) so the k v -form of G is almost fixed at the infinite places of k. More precisely, let c h be the number of non-isomorphic almost simple factors of H. For each v ∈ V ∞ (k), G(k v ) is isomorphic to one of the c h non-compact groups or is compact, and the number of places v at which G(k v ) is non-compact n h = #S. This implies that the number of variants for G(k v ) at the infinite places of k is bounded by
( · · denotes the binomial coefficient). Let now v be a finite place of k. The inner k v -forms of G correspond to the elements of the first Galois cohomology set H 1 (k v , G), G = G/C is the adjoint group. The order of H 1 (k v , G) can be computed from the cohomological exact sequence
which corresponds to the universal k v -covering sequence of groups 1 → C → G → G → 1. For a simply connected k v -group G the first cohomology H 1 (k v , G) is trivial by the theorem of Kneser [K] , so δ is injective. Furthermore, the group H 2 (k v , C) can be identified with a subgroup of the Brauer group of k v and then explicitly computed using results from the local class field theory. We refer to [PlR, Chapter 6] for details and explanations. As a corollary we have that the number of inner k v -forms is bounded by n ǫ in the notation of 2.5.
Let T ⊂ V f (k) be a (finite) subset of nonarchimadean places of k over which G is not quasi-split. It follows from [P, Prop. 2.10 ] that there exist a constant δ > 0, which depends only on the absolute type of G, such that for each v ∈ T ,
(q v is the order of the residue field of k at v). Indeed, we can take δ = log(2 rv n −ǫ ) if the absolute type of G is not A 2 and δ = log(2 2 · 3 −1 ) = 0.415 . . . for the type A 2 , and then check that δ > 0 and inequality (2) holds going through the case-by-case consideration in [BP, Appendix C.2] .
To the set T we can assign an ideal I T of O k given by the product of prime ideals defining the places v in T . Reversely, each squarefree ideal of O k uniquely specifies a subset T in V f (k). Note also that v∈T q v = Norm(I T ).
For every arithmetic subgroup Γ ⊂ G(k) we have
This implies that if µ S (G/Γ) ≤ X, then Norm(I T ) = v∈T q v ≤ X c8 . By Proposition 3.2(ii) the number of possibilities for T is bounded by X c9 , moreover, since for every v ∈ V f , q v ≥ 2, for every admissible T we have #T ≤ c 10 log X.
Now the Hasse principle implies that a k-form of G is uniquely determined by (G(k v )) v∈V (k) . The Hasse principle for semi-simple groups is valid due to the work of Kneser, Harder, Chernousov (c.f. [PlR, Chapter 6] ). So the number of admissible k-forms in our case is at most (log X) c6 X c8 n ǫc10 log X ≤ X c11 .
4.4.
Counting maximal subgroups. For a given large enough X we have defined a finite collection of k-groups G for which there exist a (centrally) k-isogeneous group G ′ which can give rise to the arithmetic subgroups Γ ⊂ H with µ S (H/Γ) < X. For every G/k the number of such k-groups G ′ is finite and can be bounded as in 4.3, but still each G ′ /k defines countably many maximal arithmetic subgroups. We shall now fix group G ′ /k and estimate the number of corresponding maximal arithmetic subgroups with covolumes less then X.
We use again the local-global approach. Let us fix a central k-isogeny i :
Now for almost all places v of k, G is quasi-split over k v and splits over an unramified extension of k v . Let as in 4.3, T denote the set of places over which G is not quasisplit, let also R denote the set of places over which G is quasi-split but not split over an unramified extension of k v . We have #T ≤ c 10 log X (see 4.3); #R ≤ log D l/k (follows from [P, Appendix] )
≤ c 12 log X (by 4.1).
Similarly to (2) it implies
using again Proposition 3.2(ii) and the volume formula we obtain that #T 1 ≤ c 13 log X and the number of possible variants for T 1 is bounded by X c14 . Now any two hyperspecial parahoric subgroups of G(k v ) are conjugate under G ad (k v ) [T, Section 2.5], so P is determined up to conjugation by the types of P v for v ∈ T ∪ R ∪ T 1 . For a given v ∈ V f the number of possible types (parameterized by the subsets of the set of simple roots) is bounded by a constant c t which depends only on the absolute type of G. We conclude that for given G the number of P 's (which is equal to the number of admissible Γ's) is at most 
and constant B depends only on the type of almost simple factors of H. [BH] implies that a semisimple group over a local field of characteristic 0 contains cocompact arithmetic lattices. The method of [BH] actually proves the existence of such lattices defined over a given filed k, which satisfies a natural admissibility condition, for any isotypic semi-simple Lie group. So if H has a 1 real and a 2 complex almost simple factors and k is a number field with ≥ a 1 real and precisely a 2 complex places, then H contains a cocompact arithmetic subgroup Γ defined over k. Let G be an absolutely almost simple simply connected k-group from which Γ is induced.
We now fix X > B(G/k) (defined as in 4.1) and count the number of principle arithmetic subgroups Λ ⊂ G(k) which have maximal types in a sense of Rohls ( [R] , [CR] ) and such that µ S (G S /Λ) < X. Since for each such Λ we have an associated maximal arithmetic subgroup Γ = N (Λ), arithmetic subgroups corresponding to different types are not conjugate in G S (the types which are conjugate under outer automorphisms give rise to the subgroups conjugate in the adjoint group but we can safely discard these types in our consideration), and, obviously, µ S (G S /Γ) ≤ µ S (G S /Λ), this will give a lower bound for the number of maximal arithmetic subgroups defined over k and having covolume less than X.
We have O k,v ) ) depends only on G/k and does not depend on a particular choice of Λ. If c 1 v∈T e(P v ) < X, then v∈T e(P v ) < X/c 1 . It is easy to see that there exists a constant δ determined by the absolute type of G such that for every v ∈ V f , G v has a parahoric subgroup P v of a maximal type ∼ = G(O k,v ) and having e(P v ) ≤ q δ (e.g. take δ = dim (G)). Let Λ be a principle arithmetic subgroup with such a local structure. We have v∈T e (P v 
Hence v∈T q v < (X/c 1 ) 1/δ would imply µ S (G/Λ) < X. The number of variants for such sets T is controlled via Proposition 3.2(i) (note that the field k is fixed). We get that for big enough X there are at least c 2 (X/c 1 ) 1/δ ≥ X A variants for T . It is clear that the arithmetic subgroups corresponding to different subsets T are not conjugate, so we have a lower bound for m H (X).
5.2.
Non-cocompact case. Let Γ be an non-uniform irreducible lattice in H which exists by the assumption of part B of the theorem, and let G be a corresponding algebraic k-group. Arithmetic subgroups of H which are induced from G(k) will be all non-cocompact (they are actually commensurable with Γ). Now to prove the lower bound on m ′ H (X) it remains to repeat the argument of 5.1 for the group G.
Remark that in contrary to the compact case the existence of non-cocompact arithmetic lattice in H in general does not follow from the condition that H is isotypic (see [WM, Prop. 12.31 ] already mentioned in 2.2 for a counterexample). Still the situation described in Prop. 12.31 [loc. cit.] is rather exceptional and in most of the cases isotypic group contains both cocompact and non-cocompact arithmetic subgroups.
The theorem is now proved. 6. Corollaries, conjectures, remarks 6.1. Let H be a connected non-compact semi-simple Lie group which contains irreducible lattices, has real rank > 1 and has no almost simple factors of type A 1 . Let K d be a set of number fields k of bounded degrees [k : Q] ≤ d. Denote by ρ H,d (X) the number of arithmetic subgroups of H which have covolume less than X and are defined over the fields k ∈ K d .
Note that by Margulis' Arithmeticity Theorem [M, Theorem 1] all lattices in H are arithmetic which implies that lim d→∞ ρ H,d (X) = ρ H (X) is the total number of lattices in H of covolume less then X.
Theorem. Assuming the Generalized Riemann Hypothesis for the number fields k ∈ K d and Serre's conjecture on the finiteness of the congruence kernel we have
where the invariant γ(H) is computed from the root system of H by the formula from [LN] .
Proof. In order to estimate the number of arithmetics subgroups in a given range we shall combine Theorem 1 with the results of [GLP] and [LN] . The only problem is that although the limit formula for the congruence subgroups growth in [LN] does not depend on a fixed initial lattice Γ [LN, Theorem 11] , the error term does.
The main observation is that the error term can be further bounded by a function which depends only on the type of H and the degree of the field of definition of Γ.
Let Γ be an arithmetic lattice in H with µ(H/Γ) < X which is defined over k ∈ K d , and let s(X, Γ) (C(X, Γ)) denote the number of subgroups (congruence subgroups) of Γ of covolume less then X. Since the index of a subgroup Γ ′ in Γ equals n = µ(H/Γ ′ )/µ(H/Γ), s(X, Γ) = s n (Γ) (C(X, Γ) = C n (Γ)) in a usual notation.
Upper bound. Let G/k be a simply connected absolutely simple k-group from which the lattice Γ is induced.
The assumption of Serre's conjecture implies that the congruence kernel C(S, G) (in our case S is the set of archimedean places of k over which G is not compact) is central, and in this case it is known to be isomorphic to the Pontryagin dual of the metaplectic kernel M (S, G) (see, for example, the introduction to [PrR] ). The metaplectic kernel has now been computed completely by Prasad and Rapinchuk [PrR] , it is isomorphic to a subgroup of the group µ(k) of roots of unity in k. The order of µ(k) can be estimated through the degree of k:
as it follows from inequalities [k : Q] ≥ φ(n), φ(n) ≥ n 1/c1 , where n = #µ(k), φ(n) is the Euler phi function, and c 1 is a positive constant.
So we obtain
(1) s(X, Γ) ≤ d c1 · C(X, Γ).
Since µ(H/Γ) < X, by the argument in 4.4 the closure of Γ in G(k v ) is isomorphic to G(O k,v ) for all v ∈ V f (k)\T and v∈T q v ≤ X c2 , q v denotes the order of the residue field f v of k at v. This implies that the congruence subgroup growth of Γ is close to that of G(O k ). More precisely, the number of congruence subgroups of Γ which are not contained in
We now appear in the situation of [LN] . What remains is a routine check of the argument therein which ensures that
where δ(X) = o(1) as X → ∞ and depends only on the degree of k and the Lie type of G. Summarizing (1), (2), (3) we have s(X, Γ) ≤ d c1 X c3 X (γ+δ(X)) log X/ log log X ≤ X (γ+δ1(X)) log X/ log log X ,
where δ 1 (X) = o(1) as X → ∞ and depends only on the Lie type of G as we assume that Γ is defined over k ∈ K d .
Each arithmetic subgroup of H is contained in some maximal arithmetic subgroup. The field of definition of an arithmetic subgroup is a commensurability invariant so the maximal arithmetics which contain the subgroups defined over the fields in K d are also defined over the same fields. We have:
where Γ runs over the maximal arithmetic subgroups of H which are defined over k ∈ K d and have covolume less than X. Now by Theorem 1,
log m H (X) ≤ C(log X) 1.51
(we take ǫ = 0.51, so C is an absolute constant); and by the previous argument, (6) s(X, Γ) ≤ X (γ+δ1(X)) log X/ log log X .
From (4), (5), (6) it immediately follows that
Lower bound. To prove l ≥ γ(H) it is enough to remark that H indeed contains an irreducible lattice Γ defined over k ∈ K d (see 5.1), and then use a lower bound on s(X, Γ) which follows from [LN, Theorem 11 ].
6.2. As an application we now compute the growth rate of the number of nonuniform lattices in H.
Corollary. If H is a connected semi-simple Lie group of real rank > 1 which contains a non-uniform irreducible lattice, then
To deduce this corollary from the theorem it is enough recall that the degree of the field of definition of a non-uniform arithmetic lattice is bounded (c.f. 4.2).
Remark. The assumptions of the GRH and Serre's conjecture are imposed because they are required by the results from [LN] which are used in the proof of Theorem 6.1. However, in the assumptions of the corollary these results become unconditional if we moreover suppose that H has no complex factors of type D 4 (see [LN, Theorem 1] ). This allows to reformulate the corollary as it is stated in the introduction.
6.3. Remark. Since ρ H (X) = lim d→∞ ρ H,d (X), it would be enough to interchange lim d→∞ and lim X→∞ in the statement of the theorem to prove (by modulo the GRH and Serre's conjecture) the conjecture of Lubotzky et al. on the subgroup growth in its whole generality. However, since our estimates depend non-uniformly on d, this trick is not formally aloud. From the first view it looks like just a technical difficulty, but after a more careful consideration this issue of uniformality appears to be essential. This reveals an interesting phenomenon which are going to study in a subsequent joint work with A. Lubotzky [BL] .
6.4. Remark. All along the line the groups of type A 1 were excluded. The reason for this is that we can hardly hope to use the formulas from Section 2.5 combined with an analogue of Proposition 3.3 for this case even to prove a finiteness result. Still one can follow another method, also due to Borel, and use geometric bounds for the index of a principal arithmetic subgroup in a maximal arithmetic. This indeed allows to establish the finiteness of the number of arithmetic subgroups of bounded covolume in SL(2, R) a × SL(2, C) b [B] . Now the problem is that the quantitative bounds which can be obtained this way are only exponential. We suppose that the true bounds should be similar to the general case (and conjecturally polynomial), we do not know how to prove such a result and leave it as an open problem:
Find the growth rate of the number of maximal arithmetic subgroups for the semisimple Lie groups of type A 1 , or obtain a better then exponential upper bound on it.
6.5. Two conjectures were mentioned in the introduction:
Conjecture 1. There exist an absolute constant B such that for a big enough X the number of isomorphism classes of number fields with discriminant less than X is at most X B .
Conjecture 2. For an arbitrary connected semi-simple Lie group H without simple factors of type A 1 there exist a constant B H which depends only on the type of almost simple factors of H, such that for a big enough X the number of maximal arithmetic subgroups of H of covolume less than X is at most X BH .
We now prove
Theorem. Conjectures 1 and 2 are equivalent.
Proof. ′ 1 → 2 ′ follows directly from the proof of the upper bounds in Theorem 1. ′ 2 → 1 ′ . Assume that Conjecture 2 is true but Conjecture 1 is false, i.e. m H (X) ≤ X BH and for an arbitrary C (to be specified later) there exist X such that N (X) > X C . Let N i,j (X) denote the number of extensions of Q of discriminant less than X which have precisely i real and j complex places. We have N (X) = i=1,...,n j=1,...,m N i,j (X).
Since the degree of the extensions is bounded by log X the number of summands is less than (log X) 2 . By Dirichlet's box principle there exist a pair (i, j) such that N i,j (X) > X C /(log X) 2 ≥ X C−1 . Let K be the set of such number fields, #K = N i,j (X) > X C−1 for X big enough. Consider a simply connected semisimple Lie group H which has i split real simple factors and j complex simple factors all of the same type. For each k ∈ K let G/k be a simply connected, absolutely simple split group defined over k. Then for every such G we have a) for S = V ∞ (k), O k,v ) ). Using the orders of finite groups of Lie type the product v∈V f (k) e(G(O k,v )) can be expressed as a product of the Dedekind zeta function of k and certain Dirichlet L-functions at the integers m i + 1, where m i are the Lie exponents of G. Obvious inequalities L(s, χ) ≤ ζ k (s) and ζ k (s) ≤ ζ(s) [k:Q] , for s ≥ 2, imply that there exist a constant c 1 which depends only on the type of simple factors of H and such that each zeta or L-function in the product is bounded from above by c
where δ depends only on the type of simple factors of H which is fixed. So for each k ∈ K we obtain at least one maximal arithmetic subgroup of H of covolume less then X δ . Now if we take C = δB H + 1 we arrive to a contradiction with Conjecture 2 for H.
Let us remark that in the proof Conjecture 2 was used only for non-cocompact arithmetic subgroups of semi-simple groups H which have simple factors of a fixed type to derive Conjecture 1, which in turn implies Conjecture 2 in the whole generality. It is possible to further specify the relation between two conjectures but we shall not go into details. What we would like to emphasize is that our result provides a new geometric interpretation for a classical number theoretic problem. An optimistic expectation would be that study of the distributions of lattices in semi-simple Lie groups can give a new insight on the number fields and their discriminants.
A.3. Lemma. Suppose the elements S(y, l) span a Q-linear subspace of K with dimension strictly greater than d/2. Then the elements of S(y, 2l) span K over Q. 
Proof. This is reduction theory (cf. [EV, Prop. 2.5] ). The final statement of (9) follows from the preceding statements, in view of the fact that γ j ≥ 1 for each j.
A.6. Choose integers r, l so that d/2 < (l+1)(l+2) 2 < 2d/3 and 5d/6 < r < 7d/8. This is possible as d ≥ 200.
Lemma. Suppose W ⊂ K is a Q-linear subspace of dimension r. Then there exists y = (y 1 , y 2 ) ∈ W 2 such that the elements of S(y, l) are Q-linearly independent.
Proof. (cf. [EV, Lemma 2.3] .) For any y = (y 1 , y 2 ) ∈ O K and σ ∈ Σ(K), put P σ (y) := (σ(y 1 ), σ(y 2 )) ∈ C 2 . The collection S(y, l) ⊂ K is Q-linearly independent if the set of points {P σ (y)} σ∈Σ (K) in C 2 do not lie on any curve of degree ≤ l.
Let Z ⊂ (C 2 ) Σ(K) consist of all d-tuples of points that lie on a curve of degree ≤ l. Then Z is an algebraic set (i.e., defined by a finite set of polynomial equalities). Moreover dim(Z) ≤ d + (l+1)(l+2) 2 < 5d/3. On the other hand, the set (P σ (y)) σ∈Σ(K) ∈ (C 2 ) Σ (K) , as y varies through W 2 , has as Zariski closure a linear subspace of (C 2 ) Σ(K) ∼ = C 2d of dimension 2r. Thus there is y ∈ Λ 2 with (P σ (y)) σ∈Σ(K) / ∈ Z.
A.7. Lemma. Let Λ = Zγ 1 +Zγ 2 +· · ·+Zγ r . Then there is y = (y 1 , y 2 ) ∈ Λ 2 such that the elements of S(y, l) are linearly independent over Q, and y ≤ C 2 d 4 D 4/d K .
Proof. Call y bad if S(y, l) is linearly dependent over Q and good otherwise. There exists a nonvanishing polynomial P on Λ 2 , with rational coefficients and degree l(l+1)(l+2) 3
, whose zero-set contains the set of bad y. Indeed, we shall explicitly construct P . By the previous Lemma, there exists y 0 ∈ Λ 2 such that the dimension of the Q-span of S(y 0 , l) is |S(l)| = (l+1)(l+2) 2 . Let R ⊂ Q denote this Q-span, and let R ⊥ be its orthogonal complement w.r.t. the trace form. Choose a Q-basis {x 1 , . . . , x d−|S(l)| } for R ⊥ and extend it to a Q-basis {x 1 , . . . , x d } for K. For fixed k 1 , k 2 , j, the map (y 1 , y 2 ) → Tr K/Q (x j y k1 1 y k2 2 ) defines a polynomial function from Λ 2 to Q of degree k 1 + k 2 . The collection of such traces, where (k 1 , k 2 ) varies over S(l), and j lies in the range d − |S(l)| < j ≤ d, defines a |S(l)| × |S(l)| square matrix. Set P (y) to be the determinant of this matrix. One verifies easily that it has the claimed properties; in particular, P (y 0 ) = 0, so P is nonvanishing.
It follows from an elementary argument (cf. [EV, Lemma 2.4] ) that there exists a pair (y 1 , y 2 ) ∈ Λ 2 such that P (y 1 , y 2 ) = 0, and all the coordinates of y 1 and y 2 in the basis {γ 1 , . . . , γ r } are bounded, in absolute value, by l(l+1)(l+2) Proof. Fix once and for all a total ordering of S(2l). We denote the order relation as (k 1 , k 2 ) ≺ (k ′ 1 , k ′ 2 ). Let K have degree d over Q and satisfy D K < X. Chose y as in Lemma A.7. By Lemma A.3, S(y, 2l) spans K over Q. It follows that Q(y 1 , y 2 ) = K and that there exists a subset Π ⊂ S(2l) such that {y k1 1 y k2 2 : (k 1 , k 2 ) ∈ Π} form a Q-basis for K.
We apply Lemma A.4 to {z 1 , . . . , z d } = {y k1 1 y k2 2 : (k 1 , k 2 ) ∈ Π}, where we order so that z 1 ≺ z 2 ≺ · · · ≺ z d , and C = (1, y 1 , y 2 ). Each product uz i z j (u ∈ C, 1 ≤ i, j ≤ d) is contained in S(y, 4l + 1).
Put A = {Tr K/Q (y k1 1 y k2 2 )} (k1,k2)∈S(4l+1) ∈ Z S(4l+1) . The collection of matrices M (u) is determined by A and Π. Since |Tr K/Q (z)| ≤ d y 4l+1 for any z ∈ S(y, 4l + 1), the number of possibilities for A is at most (d y 4l+1 ) |S(4l+1)| ; since Π is a subset of S(2l), the number of possibilities for Π is at most 2 |S(2l)| .
Lemma A.4 asserts that the number of possibilities for the isomorphism class of K is at most 2 |S(2l)| (d y 4l+1 ) |S(4l+1)| ≤ C d 1.51 3 X C4 √ d , where we use the bound y ≤ C 2 d 4 X 4/d and l ≤ C 5 √ d.
A.9. Proposition. There is an absolute constant C with log N (X) ≤ C(log X) 1.51 .
Proof. By Minkowski's discriminant bound, there is an absolute constant C 6 > 1 such that D K > C [K:Q] 6 for any extension K/Q. From Lemma A.8 it follows that the number of extensions K/Q with D K < X and [K : Q] ≥ 200 is bounded by exp (C 7 (log X) 1.51 ). Trivial bounds suffice to show that the number of K with D K < X and [K : Q] < 200 is ≤ C 8 X 200 .
A.10. We remark finally that one can prove Theorem A.1 in the stronger form by replacing the use of (y 1 , y 2 ) as above by an s-tuple (y 1 , . . . , y s ) for appropriate s, and replacing S(l) by {(k 1 , . . . , k s ) ∈ Z s : k i ≥ 0, s i=1 k i ≤ l}. It is necessary to choose (r, l) so that sr > d+(s−1)|S(l)| so that the argument of Lemma A.6 carries through. The bound in Lemma A.7 is replaced by c 1 d c2 D 
